Broken symmetries in solids involving higher order multipolar degrees of freedom are historically referred to as "hidden orders" due to the formidable task of detecting them with conventional probes. Examples of such hidden orders include spin-nematic order in quantum magnets, and quadrupolar or higher multipolar orders in various correlated quantum materials. In this work, we theoretically propose that the study of magnetostriction provides a powerful and novel tool to directly detect higher-order multipolar symmetry breakingsuch as the elusive octupolar order -by examining its scaling behaviour with respect to an applied magnetic field h. As an illustra- 
I
n crystalline solids, the combination of spin-orbit coupling and crystal electric fields places strong constraints on the shape of localized electronic wavefunctions (1) . The quantum mechanically defined multipole moments provide a useful measure of the resulting complex angular distribution of the magnetization and charge densities (2, 3) . Most conventional broken symmetry phases in solids involve the magnetic dipole moment of the electron. Remarkably, a large class of strongly correlated electron materials display nontrivial higher order multipolar moments, e.g., quadrupolar or octupolar moments, whose fluctuations and ordering leads to a rich variety of phases such as quadrupolar heavy Fermi liquids (4-7), superconductivity (8) (9) (10) (11) (12) , and unusual multipolar symmetry-broken phases (2, 3, (13) (14) (15) (16) (17) (18) .
While multipolar ordered phases fall under the purview of the celebrated Landau paradigm of symmetry-broken phases, they have been termed as so-called 'hidden orders': mysterious phases of matter whose orderings are invisible to conventional local probes (such as neutron scattering or magnetic resonance), but are remarkably still known to exist as their onset triggers non-analytic signatures in thermodynamic measurements (19) (20) (21) (22) (23) . Studying the mysterious ordering patterns of higher order multipoles is also often rendered challenging since they typically coexist with conventional dipolar moments. Examples of such symmetry breaking which are of great interest include spin-nematic order (24) in spin S ≥ 1 quantum magnets, quadrupolar charge order in transition metal oxides, and higher multipolar order in f -electron heavy fermion materials (25) such as URu2Si2 (26) (27) (28) (29) (30) (31) (32) (33) (34) (35) and UBe13 (36) (37) (38) . The quest to probe such orders has led to novel experimental techniques, e.g., elastoresistivity (39) (40) (41) to elucidate the quadrupolar order associated with orbital nematicity in the iron pnictides. A broad understanding of the nature of these symmetry broken phases, and means to definitively demonstrate their existence, has proven to be a challenging, yet stimulating, endeavor for both theory and experiment.
More recently, experiments have begun to study angledependent magnetostriction, the change in sample length induced by a magnetic field which can point along various crystalline directions, in a wide class of materials with multipolar degrees of freedom (42) . Motivated by these experiments, in this work we theoretically discuss how magnetostriction provides a novel means to directly probe multipolar order parameters. The central observation of this paper is that an applied magnetic field allows for a linear coupling between lattice strain fields and a uniform octupole moment which depends strongly on the applied field direction. In the absence of a dipolar moment, this enables measurements of the magnetostriction to directly reveal the hidden octupolar order parameter. We investigate such field-scaling behaviour of the magnetostriction for various magnetic field directions by employing a symmetry-based Landau theory, which allows us to highlight the universal aspects of the physics and to show that this idea is broadly applicable to a wide class of materials.
Our work is motivated by a recent series of beautiful experiments on the Pr-based cage compounds belonging to the Pr(Ti,V,Ir)2(Al,Zn)20 family which form an ideal setting to study multipolar moments and associated hidden orders (10, 23, (43) (44) (45) . In these systems, the 4f 2 electrons of Pr
3+
ions subject to CEFs host a ground non-Kramers doublet with solely higher-order moments: quadrupoles (O20 and O22) and octupole (Txyz) (19, 46) . Uncovering and understanding the pattern of multipolar ordering across this family of materials has remained an important open problem. The nature of the quadrupolar ordering in these cage compounds has been indirectly examined with a few techniques (47, 48) such as ultrasound experiments (49) (50) (51) (52) (indicating softening of elastic modulus at quadrupolar ordering tempera-ture, TQ), as well as NMR measurements (where the magnetic field-induced dipole moment is strongly dependent on the underlying quadrupolar phase (53) ). More recently, magnetostriction and thermal expansion strain experiments (54) have also lent themselves as possible probes to study the transitions and the underlying quadrupolar phase. By contrast, the octupolar ordered state has continued to remain an elusive phase of matter, with only indirect hints of its existence from NMR (55) and µSR (56) measurements, but as yet no direct probe to reveal its existence (57) .
In this study, motivated by showing how magnetostriction behaves in the presence of quadrupolar and octupolar orders, we focus on a Landau theory which permits both antiferroquadrupolar ordering (AFQ) and ferro-octupolar ordering (FO). We study the scaling behaviour of the relative length change of the system with respect to an applied magnetic field strength (h) along different field directions. Denoting the quadrupolar and octupolar transition temperatures as TQ and TO respectively, we consider three regimes: (i) the paramagnetic phase above both transition temperatures (T > TQ, TO), (ii) intermediate temperatures (TO < T < TQ) where the system exhibits pure quadrupolar order, and (iii) below both ordering temperatures (T < TQ, TO) where the system features coexisting quadrupolar and octupolar orders.
Our studies predict a linear-in-h scaling behaviour for length changes for a magnetic field applied along the [111] direction for T < TO. The coefficient of the linear-in-h term, i.e. the "magnetostriction coefficient", is directly proportional to the ordered ferrooctupolar moment, thus providing a clear and distinct means to directly probe this order parameter.
A quick way to see this result is to note that the elastic energy of a cubic crystal is given by
+ c12 ( xx yy + yy zz + zz xx) , [1] where ij and cij refer to components of the strain tensor and elastic modulus tensor, respectively. Knowing ij determines the fractional length change along theˆ -axis via (∆L/L)ˆ = ij ijˆ iˆ j . As discussed below, an applied magnetic field enables a linear coupling between the strain field and the time-reversal-odd ferrooctupolar moment, m, via a term in the free energy ∆F = −gOm( yz hx + xz hy + xy hz), with a coupling constant gO. Minimizing F lattice + ∆F with respect to the strain, we find xy ∝ (gO/c44)mhz, and cyclically for yz , xz , while diagonal components of the strain tensor vanish. For a [111] field, where hi = h/ √ 3, this leads to (∆L/L) (1,1,1) = ( xy + yz + xz )/3 and so (∆L/L) (1,1,1) ∝ (gO/c44)mh. This direct relation between the linear-in-h magnetostriction coefficient and the ferrooctupolar order parameter for a magnetic field along the [111] direction is one of the central results of our paper. Furthermore, we predict a characteristic hysteresis in the octupolar moment and the associated parallel length change as a function of magnetic field, arising from the symmetry-allowed cubic-in-h coupling of the magnetic field to the octupolar moment. Very recent (unpublished) experiments on PrV2Al20 indeed appear to find a hysteretic linear-in-field magnetostriction, for a [111] magnetic field, below a transition at T * ≈ 0.65K. Our theoretical results for magnetostriction in the presence of octupolar order thus lend strong support to the idea that these seminal experiments (42) herald the first and unambiguous discovery of octupolar order. Table 2 provides a complete summary of the scaling behaviour of a variety of length change directions under different magnetic field directions, including the effect of octupolar as well as quadrupolar order parameters. Our predictions are expected to aid the investigation and identification of multipolar moments, as well as provide key signatures that indicate the presence of specific multipolar ordering. In particular, since we show that magnetostriction provides a direct probe of the octupolar order parameter, future experimental studies of this observable may shed light on the thermal and quantum critical behaviour associated with octupolar ordering in these compounds and a wide range of other materials.
Landau Theory of Multipolar order
We present in this section, for the sake of self-containedness and to specify our notation, the Landau theory of multipolar order first introduced in Ref. (58) .
The 4f 2 electrons of Pr 3+ ions in the family of rare-earth metallic compounds Pr(Ti,V,Ir)2(Al,Zn)20 reside on a diamond lattice of cubic space group Fd3m. Surrounding each Pr JxJyJz which transforms as Γ2u (where the overline represents the fully symmetrized product). This can be seen from the group theory decomposition,
Constructing a pseudospin basis ({|↑ , |↓ }) from the Γ3g doublets as
allows the multipolar moments to be neatly denoted by an effective pseudospin-1/2 operator τ = (τ x , τ y , τ z )
The perpendicular component of the pseudospin vector τ ⊥ ≡ (τ x , τ y ) denotes the quadrupole moments, while τ z denotes the octupolar moment. We also define the raising/lowering pseudospin operators τ ± = τ x ± iτ y . The ordering of these multipolar degrees of freedom acts as a mean field on the pseudospins, and breaks the degeneracy of the non-Kramers doublet. In order to describe these pseudospin-symmetry broken phases, we resort to a Landau theory approach, focussing on the following order parameters, [6] Here, angular brackets ... denote thermal averages, while the A, B subscripts denote the two sublattices of the diamond lattice. The complex scalars φ andφ describe ferroquadrupolar (FQ) and anti-ferroquadrupolar (AFQ) orders respectively, while the real scalars m andm denote the ferrooctupolar (FO) and anti-ferrooctupolar (AFO) order parameters.
The local T d symmetry instilled by the FK cage provides a constraint on the possible terms permitted in the Landau theory. The generating elements of T d are S4z (improper rotation of π/2 about theẑ-axis) and C31 (rotation of 2π/3 about the body diagonal [111] axis). In addition to these point group symmetries, we also require that the terms in the Landau theory be invariant under spatial inversion about the diamond bond centre I (which swaps the A and B sublattices), as well as time-reversal Θ. The behaviour of the multipolar moments under these symmetry constraints is detailed in Table  S1 in SI A.
In this work, we focus on a system where the primary order parameters are AFQ and FO. As discussed in previous work (58, 59) , the Landau theory of a system with AFQ order necessarily admits a 'parasitic' secondary order parameter FQ. Such mixing does not occur for the octupolar order parameter; motivated by explaining experiments on PrV2Al20 (42), we choose to work with only FO order and ignore the AFO order parameter. We thus construct our Landau theory using the order parameters φ,φ, and m.
A. Interacting multipolar orders. Equipped with the symmetry knowledge from Table S1 we can now write down the Landau free energy for this particular multipolar ordered system as
Here, the free energies Fφ, Fm, and F φ denote the independent free energies of the AFQ, FO, and FQ orders. Settingφ = |φ|e iα and φ = |φ|e iα , we get
The first two terms in Eqs. (8) (9) (10) , in square brackets, are the usual mass and quartic interaction terms for AFQ, FO and FQ order parameters. We will choose tφ = (T − TQ)/TQ, and
O < TQ, where T denotes the temperature. Focussing on the mass term alone, decreasing T will thus lead to an anti-ferroquadrupolar order for T < TQ, and a lower temperature transition into a state with coexisting ferro-octupolar order when T < T
O . These (bare) transition temperatures will be affected by the interplay of the two order parameters; in particular, the true octupolar transition TO will be renormalized from its bare value T (0) O due to the onset of quadrupolar order (besides fluctuation effects which we do not consider here). A measure of how close the two transition temperatures are to each other is provided by the ratio (TQ −TO)/(TQ +TO). Finally, since FQ is not considered to be a primary order parameter, we choose a large positive mass term, t φ . The remaining non-trivial terms in Eqns. 8 and 10 are the unusual sixth order and cubic "clock" terms, with respective coefficients wφ and v φ , which fix the phases of the AFQ and FQ order parameters. We set lφ > |wφ| to ensure that the free energy is bounded from below.
The couplings between the different multipolar order parameters are encapsulated in Fφ ,φ,m , namely between AFQ and FQ moments (g1, g2), and between the quadrupolar and the octupolar moments (u φm , uφ ,m )
where the term g1 is a symmetry-allowed cubic term. We present in Fig. 1 the zero magnetic field phase diagram depicting both quadrupolar and octupolar transitions; with two primary order parameters AFQ (and its accompanying parasitic FQ moment) and FO ordering at critical temperatures of TQ and TO, respectively. The octupolar transition temperature is shifted to TO, from its bare critical temperature T
O , due to the coupling of FO to AFQ and FQ via uφ m and u φm , respectively. The 'kink' in the AFQ (as well as FQ) at the octupolar ordering temperature reflects the non-analytic behaviour of the octupolar moment at its critical temperature. The dotted vertical lines denote specific temperature regions studied in Sec. 4.
B. Coupling of magnetic field to multipolar moments.
In order to study magnetostriction, it is important to understand how the magnetic field couples to the multipole moments. Due to the lack of magnetic dipole moment supported by the Γ3g doublet, the magnetic field does not couple linearly to the states. One can derive the low energy magnetic field Hamiltonian by performing second-order perturbation theory in h · J, where the low energy subspace is spanned by the Γ3g doublet, and the high energy subspace is spanned by the excited triplets Γ4,5. This leads to
In the above Eq. 12, h = (hx, hy, hz) with | h| = h, and γ0 ≡ −14
, where ∆(Γ4), ∆(Γ5) are the gaps between the low energy doublets and the corresponding triplet states at zero magnetic field. The effective coupling to the ferroquadrupolar order is via ψH
2 ). Based on the form of the coupling in Eq. 12, we infer that ψH transforms identically to φ under the relevant symmetries. Going to third-order in perturbation theory leads to a further O(h 3 ) coupling of the magnetic field to octupole moment of the form ∼ hxhyhzτ z . Thus, the symmetry allowed effective magnetic field coupling to the quadrupolar moments is
where
. The first (second) line in Eq. 13 is the symmetry allowed coupling to the AFQ (FQ). The third line involves couplings permitted due to pure symmetry reasons that renormalize the mass terms of the AFQ and FQ. Physically they arise from conduction electron mediated magnetic couplings (having integrated out the conduction electrons); similar coupling to the octupolar moment is also permitted
, which is formally introduced in Sec. 3 via the magnetic field assisted coupling of the octupolar moment to the lattice strain. In the subsequent sections, we discuss magnetic fields applied along the [100] , [110] and [111] directions. For clarity, we present the value for |ψH | and θH for the magnetic field directions discussed in subsequent sections, in Table 1 . 
Cubic Crystal Normal modes, and Relative Length Change Expression
In this section, we introduce the expression of the free energy of a deformed face-centred cubic lattice, as well as its associated normal modes. We also formulate the relative length change expression in terms of the elastic strain components.
A. Elastic energy of a cubic crystal. In the spirit of Landau and Lifshitz, the general form of the free energy of a cubic crystal is constrained by the octahedral symmetry, O h , to be (60, 61)
+ c12 ( xx yy + yy zz + zz xx) , [14] where the crystal's deformation is described by the components of the strain tensor ik , and cij is the elastic modulus tensor describing the stiffness of the crystal. Note that we use the common abbreviation of the elastic modulus tensor's indices i.e. cxxxx ≡ c11, cxxyy ≡ c12, cxyxy ≡ c44. This expression can be more elegantly written in terms of the normal modes of the cubic lattice, namely,
where cB is the bulk modulus, B ≡ xx + yy + zz is the volume expansion of the crystal, ν ≡ (2 zz − xx − yy )/ √ 3 and µ ≡ ( xx − yy ) are lattice strains that transform as the Γ3g irrep. of the O h group, and the off-diagonal strain components transform as the Γ5g irrep. of O h group; here the subscript g indicates even under time-reversal and spatial inversion (parity). We henceforth use Eq. 15 for the cubic crystal's elastic energy.
B. General expression for relative length change. The relative length change, ∆L/L, of the crystal can be shown to be related to the components of the strain tensor, as described in more detail in SI B. The general expression of the length change along a direction is
ijˆ iˆ j , [16] where ij ≡ 
Symmetry Allowed Coupling of Multipolar Moments and Cubic Crystal Normal Modes
We now turn our attention to the problem of coupling the lattice normal modes of the cubic crystal to the multipolar moments. We recall that the cubic crystal structure supports macroscopic normal modes that transform as irreps. 
where gQ is the coefficient of coupling between the quadrupolar moments and lattice strain tensors. Note that we include the coupling of the lattice strain to the quadrupole moment on each sublattice. Using the definition of the order parameter φ defined in Eq. 6, and minimizing with respect to the lattice degrees of freedom (
etc.) yields the total strain for each normal mode
|φ| sin α .
[18]
Substituting the expression for the minimized lattice strains from Eqs. 18 back into Eq. 17, yields
Thus, the coupling of the lattice degrees of freedom to the quadrupolar moments results in renormalizing the mass term of φ.
B. Coupling of octupolar moment to lattice strain. A direct linear coupling between the octupolar moment Txyz and the lattice normal modes is not permitted, as the octupolar moment is odd under time-reversal. However, this potential difficulty can be alleviated by the introduction of the time-reversal odd magnetic field h which assists in the coupling between the lattice degrees of freedom and octupolar moment. Thus, the Landau free energy of the multipolar moments shown in Eqs. where we use the definition of m from Eq. 6, and gO is the coefficient of coupling between the octupolar moment and lattice strain. We also include another symmetry allowed direct coupling between the magnetic field and the same lattice normal modes (with proportionality constant γ, equivalent on both sublattices). Physically, this kind of term could arise from the independent coupling of the magnetic field and lattice strain to the conduction electrons (and after integrating out the conduction electrons); we discuss this matter briefly in Sec. 6. Minimizing with respect to the lattice degrees of freedom yields the following expressions for the (total) lattice strains
[21]
Substituting the expression for the minimized lattice strains from Eqs. 21 into Eq. 20, yields
Thus, the coupling of the lattice degrees of freedom to the octupolar moment results in renormalizing the mass term of the octupolar moment quadratically in h; it also introduces an O(h 3 ) coupling term between the octupolar moment and the magnetic field, which renormalizes the coefficient of the already present hxhyhzm from third-order in perturbation theory in h · J.
Relative Length Change Under Magnetic Field Along Different Directions
In this section, we examine the relative length change, ∆L/L, for magnetic fields applied 
∆L L
(1,±1,1)
Here we have used the definition of the normal modes introduced in Eq. 15, and define gQ ≡ (...), wherein (...) includes the complex-angle dependent terms in Eq. 24; this definition will be helpful in Table 2 below. The exact form of which complex angle term is included (
) can be inferred from context i.e. the direction of length change examined under particular magnetic field directionn. The parasitic FQ moment is written as |φ| = φ0 + φ h h 2 due to the even-in-h behaviour of the quadrupolar moment [as described later in the main text]. The constant (φ0) and quadratic (φ h ) scaling-coefficients depend on the value of the Landau parameters as well as the temperature being probed; the quantitative value is thus not of great importance for the scaling behaviour. The key point to retain is that the value of these coefficients is small as compared to the conduction electron generated terms (∼ γ), reflecting the weak, parasitic nature of the FQ moment. We present in Table 2 the scaling behaviours of length change parallel and perpendicular to the three primary magnetic field directions.
The conclusions that can be drawn from Eq. 24 and Table  2 are striking. Firstly, in the zero field limit, we recall that there is a built-in three-fold degeneracy in the FQ due to the v φ term in Eq. 10. One can consider the scenario of the zero field-limit being achieved by applying a magnetic field along [100] and tuning it to zero; this causes one of the three degenerate solutions to be chosen i.e. α = is larger (i.e. more negative) than ∆L L (1,±1,0) . Secondly, the hitherto mysterious octupolar moment can now be determined (up to a proportionality constant) by measuring the slope of the linear-in-h behaviour of the length change both parallel and perpendicular to magnetic fields applied along the [111] direction; the linear behaviour is also apparent for perpendicular length changes to magnetic field applied along [100] direction. This provides a clear signature for the onset of the octupolar ordering as well as a means to study the general behaviour of the octupolar moment (up to a proportionality constant) with respect to other external variables such as temperature, T . Thirdly, for magnetic fields applied along the [111] direction (and for T < TQ, TO) the length change parallel to the magnetic field has (negative) twice the slope of the linear-in-h term and (negative) twice the quadratic background as the length changes perpendicular to the field. This provides a distinct verification as to the validity of the theory.
In next subsections we elaborate on important details regarding the multipolar moments and examine their scalingdependency on the magnetic field, to provide justification of the results presented in Table 2 . Prior to discussing the particular magnetic field directions, we examine the consequences of our choice of parameters, which have the following properties v φ < 0, wφ > 0, g1 < 0,rH > 0, rH > 0. [25] In minimizing the free energy in Eq. 23, we examine each of the complex angular-dependent terms and determine the value of the corresponding angles that minimize (magnetic field independent terms in) the Landau free energy
In the absence of external magnetic fields, there is a built-in degeneracy that allows a host of possible solutions, namely (α,α) =(−π/2, ±π/2), (π/6, −5π/6), (π/6, π/6), (5π/6, −π/6), (5π/6, 5π/6) . [27] A. H [100]. For this magnetic field direction, we now examine the magnetic field dependent complex angular terms and 
Magnetic field ∆L/L scaling
determine the value of the corresponding angles that minimize the Landau free energy (having set θH = −π/6),
Thus, the choice of (α,α) = (
) extremizes all of the above expressions simultaneously. This result is the justification of the zero-field-limit conclusion stated above, where the h = 0 limit is achieved by tuning down a magnetic field applied along the [100] direction such that the α = 5π/6 solution is chosen. Now, the scaling behaviour of the quadrupole moment can be understood by deriving approximate analytical expressions; this is easiest to calculate for T > TQ, TO, and more tedious in the other two temperature regimes. The numerical solution of the order parameters in the three temperature regimes is presented in SI D Fig. S1 .
For T > TQ, TO, |φ| and m are zero. Extremizing Eq. 23 withφ = m = 0 [and knowledge of α = 5π/6], and reasonably assuming that parasitic φ is small, we arrive at
where we have reintroduced |ψH | = γ 0 2 h 2 . In the notation of Table 2 , here φ h = γ 0 2 |rH |h 2 for this magnetic field direction. A similar (albeit more tedious) approach can be adapted to determine an approximate scaling behaviour in the other two temperature regimes of TO < T < TQ (where |φ|, |φ| = 0 and m = 0) and T < TQ, TO (where all of |φ|, |φ|, m = 0). Doing so, we arrive at the leading-order-in-h scaling of |φ| ≈
2 , where φ 0,h are a collection of constants.
The constant shift φ0 result is reasonable as below TQ the AFQ is non-vanishing even at zero magnetic field, and thus the accompanying parasitic FQ is finite for zero magnetic field. We affirm these scaling behaviours by performing a thorough numerical study of the full Landau free energy in the temperature regimes of interest. As can be seen in SI D Fig.  S1 , the FQ moment is indeed an even function-in-h. Moreover, for T < TQ, the FQ moment is finite even at zero magnetic field due to the AFQ having spontaneously ordered.
B. H [110]
. For magnetic fields along this direction, unlike the [110] direction, there is a lack of harmony in the complex angles that minimize the Landau free energy. For the AFQ and FQ moments, the complex angles that extremize the respective magnetic field dependent terms are
This lack of harmony in the choice of polar angle leads to a competition between the two terms: the magnetic field dependent terms desireα = 0 and α = π/2; while we recall from Eq. 27 the anisotropic sextic (cubic) term desiresα = ±5π/6 (α = 5π/6) [amongst other angles; not the same as the ones preferred by this magnetic field]. Thus a simple analytical solution for the scaling behaviour of the relative length change is not as easy to derive (nor illuminating). Nevertheless, just as for H || [100], the quadrupolar order parameters are evenfunctions-in-h as can be seen in SI D Fig. S2 and corroborated by numerical fits of the order parameters.
C. H [111].
For magnetic fields applied along this direction, all the multipolar moments couple quadratically to the magnetic field. We first discuss the magnetic field dependency of the quadrupolar moments. For T > TQ, both quadrupolar moments are zero [as depicted in the numerical solution Fig.  S3 (a) in SI D] due to AFQ not spontaneously ordering, and the lack of a linear-in-|φ| coupling to the magnetic field for the FQ moment. For T < TQ, the AFQ has spontaneously ordered, and hence also permits a finite (but small) parasitic FQ moment, with a weak quadratic-in-h scaling for FQ; thus |φ| ≈
here, as seen in Fig. S3(b) .
The quadratic-in-h scaling of the octupolar moment can be observed by performing a simple analytical approximation, where for the sake of simplicity, we assume only pure FO ordering (setting the quadrupolar moments to zero). This simplified Landau free energy is of the form,
where we have taken hx = hy = hz = h/ √ 3. Extremizing this free energy, and assuming T is far enough below the octupolar critical temperature such that
is small enough to Taylor-expand to yield
Thus substituting this (simple) approximate solution into Eq. 24 yields a linear in h behaviour in the length change (superimposed on a quadratic background). In the presence of all order parameters, we obtain (from thorough numerical minimization of the full Landau free energy) the same scaling relation of the octupolar (and quadrupolar) moments i.e. m ∼ a0+a2h 2 , where a0,2 are finite constants. The even-in-h scaling behaviour of the multipolar moments is apparent qualitatively in SI D Fig. S3(c) . It is important to note that this scaling behaviour was performed under the assumption that we could neglect the O(h 3 ) coupling between the octupolar moment and the magnetic field i.e. neglected hxhyhzm in the Landau free energy. For magnetic fields along [100] and [110] this term is zero, and plays no role anyway, but for magnetic fields along the [111] direction it is non-zero (albeit small relative to the ∼ h 2 m 2 coupling). More importantly, the cubic-in-h coupling breaks the Z2 symmetry (m ↔ −m) of the octupolar moment. This introduces a 'flip' in the octupolar moment at h = 0 (and at T < TO where m has spontaneously ordered i.e. m = 0): for h = 0 + , the +|m| solution is 'chosen', and as we crossover to h = 0 − , the now physically distinct −|m| solution is 'chosen' (this is seen in Fig. 2 in the next section) . A similar phenomena is observed in usual ferromagnetism, below the ordering temperature. Although this ∼ h 3 m correction can be safely ignored for discussions regarding scaling behaviour at small magnetic fields, its effect becomes very important when studying hysteresis behaviour.
Hysteretic Behaviour of Octupolar Ordering
We are motivated in this section by recent unpublished experiments (42) where hysteretic behaviour is observed in the length change along the [111] direction below the supposed-octupolar temperature. Hysteresis arises from the existence of domains and the motion of domain walls in the presence of obstructing 'pinning sites', which have not been taken into account in the Landau theory we have studied. In order to incorporate such effects, we adapt the phenomenological approach due to Jiles and Atherton (62, 63) which has been used to study hysteresis loops in ferromagnetic and ferroelastic materials. This approach identifies the order parameter (obtained by minimizing the Landau free energy) as its ideal bulk value, where the Landau theory includes a direct coupling u f mh 3 of the ferro-octupolar moment m and the external [111] magnetic field. Deviations from this ideal value are captured in terms of a 'lag' (m − mir), described by a phenomenological equation
where k characterizes the pinning strength (encoding the number of pinning sites and the energy cost of overcoming a single pinning site), α is a constant describing the coupling between octupolar domains, and the sign ± applies respectively for increasing and decreasing magnetic fields. The experimentally relevant octupole moment is then given by
where c is a constant. A heuristic derivation of these equations is given in the SI E. The algorithm to determine the total macroscopic octupolar moment is straightforward. First we minimize the Landau free energy to obtain the ideal octupolar moment m. Next, we solve Eq. 33 for mir. Finally, we obtain mexp by using Eq. 34. We now examine hysteresis behaviour occurring at a temperature of T < TO. Figure 2 (a) depicts the hysteresis behaviour for the total bulk octupolar moment mexp, which is reminiscent of the hysteresis in ferromagnets. The initial condition used to solve Eq. 33 is chosen so that at h = 0, the ideal configuration is not being met (i.e. mexp = m); this depicts the realistic scenario of having not all domains aligned in the same direction at h = 0. Inserting this solution for the octupolar moment into Eq. 24, we obtain the length change along the (1,1,1 ) direction, as shown in Fig. 2(b) . For small magnetic field strengths,
(1, 1, 1) presents the linear in h scaling as seen in Fig. 2(b) .
Conclusions
In this work, motivated by recent and ongoing experiments on Pr(Ti,V,Ir)2(Al,Zn)20, we have used Landau theory of multipolar orders coupled to lattice strain fields to study magnetostriction in systems with quadrupolar and octupolar orders. Our theoretical results for magnetostriction in the presence of octupolar order appear consistent with recent magnetostriction experiments on PrV2Al20 where the onset of unusual linear-in-field and hysteretic magnetostriction is observed for fields along the [111] direction for T < 0.65K (42) . In addition, we can qualitatively understand the quadratic-in-field background magnetostriction observed in these experiments.
In particular, we have discussed the scaling behaviour of the length change in such Landau theory models for magnetic fields applied along [100], [110] and [111] directions in three temperature regimes: T > TQ, TO, TO < T < TQ, and T < TQ, TO. From our studies we conclude that linear-in-h scaling of the length change is observed for length changes (both parallel and perpendicular) to magnetic fields applied along the [111] direction, and for length changes perpendicular to [100], below TO. Moreover, the coefficient of the linear-in-h term is directly proportional to the octupolar moment, thus giving a distinct signature for the onset of octupolar ordering as well as a means to detect/measure the octupolar moment. For magnetic fields applied along the [100] and [110] directions, the length changes also acquire quadratic-in-h scaling behaviour. This scaling arises from the quadrupolar moments and/or direct coupling of the conduction electrons to the external magnetic field and the lattice normal modes. The summary of the scaling behaviours is presented succinctly in Table 2 . Finally, we demonstrate a characteristic hysteresis behaviour in the octupolar order parameter and the associated (1,1,1) length change for magnetic field applied along [111] . This hysteretic behaviour is identified as a consequence of the ∼ h 3 m direct magnetic field coupling to the octupolar moment.
In terms of future work, an interesting avenue to explore is that of the coupling of the conduction electrons to the multipolar moments, as well as to the lattice strain and magnetic field. In particular, the origin of the conduction electron term in Eq. 20, introduced in our phenomenological model from symmetry arguments, is a fascinating direction to explore (as well as potential other terms arising from conduction electrons). Understanding the nature and role of the conduction electrons will also help shed light on the quantum critical behaviour and superconductivity in such multipolar Kondo lattice systems (8-10, 21, 47, 64-70) .
Supporting Information (SI)
A. Symmetry transformations of multipolar order parameters. Under the symmetry constraints detailed in the main text Sec. 1, the multipolar moments transform as denoted in Table S1 .
3φm →m Table S1 . ijˆ iˆ j , [35] where ij ≡ Figures S1, S2 , S3 presents the solutions of the order parameters from a thorough numerical study of the complete Landau free energy. As can be seen, the FQ moment is indeed an even function-in-h.
We stress on the atypical nature of the [110] direction, in that it introduces a degeneracy into the system. We can observe this by just focusing on the AFQ moment's terms, where if we takẽ
where x and y are the deviations from 0 and π/2, respectively. These terms are invariant under x → −x and y → −y, resulting in two equivalent orientations for the quadrupolar moment. It is this symmetry that is responsible for degeneracy and the observed 'multiple' solutions. The 'multiple' solutions persist for small magnetic field strengths (where the competition with the anisotropic term is still ongoing); however, for large enough field strengths, the magnetic field term dominates over the anisotropic term to yield one unique solution determined by the magnetic field term. The point at which the magnetic field has dominated and takes over the anisotropic term is observed as a 'kink' in the order parameters, as seen in Fig. S2 In temperature regimes of T < T Q , there is the aforementioned kink at h kink in both the AFQ and FQ order parameters for T O < T < T Q and T < T Q , T O , respectively, as seen in Fig.  S2(b,c) ; the kink is more noticeable in the |φ| than |φ| due to the small, parasitic nature of FQ. It is interesting to note that this 'kink' appears for a larger value of h for T < T Q , T O than in T O < T < T Q . This stems from the fact that for T much lower than T Q , the |φ| 6 and |φ| 3 contribution to the free energy is substantial, and thus to overcome these anisotropic terms it requires a larger magnetic field. Hence, the value of h kink grows the lower in T we go (below T Q ). Apart from this 'kink', the scaling relations of the FQ is as expected with a constant zero-in-h shift being present for T < T Q , due to presence of spontaneously ordered AFQ. We also note that for large enough h, the AFQ is tuned to zero with the ferro-like moments surviving.
E. Domain Wall model of octupolar moments. We provide a more detailed derivation of the hysteresis model of octupolar moments. The derivation follows that of Jiles and Atherton (62) with a few modifications that we elaborate on.
The basic premise is that of two equally large (in terms of volume) domains of octupolar order separated by a domain wall. This domain wall is assumed to lie directly on top of a so-called pinning site. A pinning site can be any object that obstructs the motion of domain walls under the influence of a magnetic field; the true nature of the pinning site is not of great importance to the derivation presented here. The domains possess an octupolar moment per unit volume, m d . Due to the Ising-like nature of the octupolar moment, one can think of one domain being m d = +m d , while the other domain being m d = −m d . The interaction of each domain's octupolar moment with the magnetic field and the bulk octupolar moment of the system is described by E coupling = −u f m d (hxhyhz + αm), where u f is a coefficient of coupling, and where we incorporate inter-domain coupling by a Weiss-like mean field term (α). fe ≡ hxhyhz + αm is the effective field.
We now consider the application of a magnetic field on the system that encourages the expansion of the +m d domain i.e. it is energetically favourable to have both the domains align as +m d . In the absence of the pinning site, this domain wall slides over easily thus enabling the expansion of the domain. However, the pinning site obstructs this simple motion. In the spirit of Jiles and Atherton, we consider the energy required to overcome the pinning site to be equal (up to a proportionality constant, c 0 ) to the energy required to align the octupolar moment of −m d with +m d i.e. = c 0 2u f m d fe . [37] This is the energy required to overcome a single pinning site. We now generalize the scenario where we have a collection of such pinning sites over a distance dx, and the magnetic field is applied such that the domain wall (of cross sectional area, A) is swept over that distance dx. If there exists an average density of pinning sites, n, over this volume A dx and the average energy to overcome a site is Ecost [where the averaging is performed over all the pinning sites] then the total energy dissipated through moving this domain wall through this mire of pinning sites is
Ecost nAdx , [38] where nAdx is the total number of pinning sites in the volume of interest. Since the change in the bulk octupolar moment (as the magnetic field moves the domain wall past the pinning site) is dm ir = (m d − (−m d )) Adx = 2m d Adx, then we can replace the
